IMSC 2058 Solution for Homework 4

Claim 1:
Let (z,,) and (y,) be Cauchy sequences in X. Since

| (20, yn) — (@, Ym)| < |d(@n, Tm) | + |d(Yn, Ym)|

Then (d(zy,yn))o, is a Cauchy sequence in R. Note that R is complete, therefore lim,, d(xy, y)

exists.
/

Let («,) and ('y,) be Cauchy sequences in X such that (z,,) ~ (z},) and (y,) ~ (v,,), ie.
lim,, d(zp, z],) = 0 and lim, d(yn,y,,) = 0.

Since
d(wy, yp) < d(2h, 20) + d(Tn, Yn) + d(Yn, Yn)-
It follows that

d([(@)); [(ya)]) < d([(2n)]. [(9)])

Similarly, taking limit as n — oo for the following inequality

gives

d([(@a)); [(y)]) < d([(2n)]: [(9)])

T / /

Therefore d([(z},)], [(¥,)]) = d([(zn)], [(yn)]) When (z4) ~ (23,), (n) ~ (¥})-
Claim 2:

To show (X, d) is a metric, we verify :

b J([(xn)]’ [(yn)]) = hmn d(xm yn) > 0.
A([(2n)], [(2)]) = limy, d(@n, ) = 0.

o d([(zn)], [(yn)]) = limp d(zn, yn) = limy d(yn, 2n) = d([(ya)], [(zn)])-

[}
S

d([(zn)); [(zn)]) = lim d(2y, 2,)

<limd(zy, yn) + lim d(yn, 2n)

Claim 3: By the definition of Q(z), we have Q(z) = (z,,) = (z,z,---) and Q(y) = (yn) =
(yaya) . Then

d(Q(z), Q(y)) = d([(zn)], [(yn)]) = d(z,y).

Claim 4: To show Q(X) = X is equivalent to show Q(X) is dense in X. For any [(z,)] € X,
where (z,,) is a Cauchy sequence in X, we show that [(z,)] can be approximated by elements of

Q(X).



Since (zy,) is a Cauchy sequence, for any € > 0, there exists N such that d(z,,, z,,) < € for all
n,m > N. Take x = xny € X. Then

d([(@)], Qex)) = lim d(zn,ay) < c.

n—o0

Thus, Q(X) is dense in X.
Claim 5:

Let (&) be a Cauchy sequence in X. For any € > 0, there exists M; such that k, j > Mj,

d(&k, &) <

Wl

By Claim 4 (density of Q(X)), for each i, there exists z; € X such that J(Q(zi), &) < %
Let ng := Q(zx). There exists My > M, such that k,j > My and 1/k < ¢/3,1/j < ¢/3, then

d(nk,nj) < d(nr, &) + d(€x, &) +d(nj, &) < €

It follow that (n) is a Cauchy sequence in X . Since @ is an isometry, (zr) is Cauchy in X:
d(zk, 2) = d(nk, n;5)-

Let ¢ := [(2,)] € X. It remains to show & — ¢ in X, i.e., limj_00 d(&;,¢) = 0.

Let € > 0. Choose N; such that 4, j > Ny implies d(&;,&;) < €/3. Choose No > Nj such that

i > N implies 1/i < £/3. Choose N3 > Ny such that i, 5 > N3 implies d(n;,n;) < €/3.

For ¢ > N3,

(€, €) < A& m) + (i, €) < 5 + Q). (o)) < 5+ d(zi,20) =

€ .
3 + klggo d(zi, zx).
Since (z,) is Cauchy, choose Ny > N3 such that d(z, z;) < /3 for all [,k > N,. Then

lim d(z;,zx) < d(z;, 2zn,) + sup d(zn,, 2k) < d(z;, 2n,) + <
k—o0 k> Ny 3

Since 4, Ny > N3, d(z;, zn,) < €/3. Thus,

e € 2e
lim d(z; -4 - = —
dim d(z,2) <343 =3
and 5
~ € €
d(fiag)gg‘f‘gzﬁ

Hence, & — ( in X, so (X, d.) is complete.



